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The only primes which can divide the order of the automorphism group of a 
Hadamard matrix of order 28 are 13, 7, 3, and 2. It is shown that there are exactly 
four inequivalent Hadamard matrices of order 28 possessing automorphisms of 
order 13. The orders of the automorphism groups of these matrices are 2’ . 13, 
23 . 3 . 7 13, 2’ . 3 . 7 . 13, and 2” . 34 ’ 7 . 13, respectively. Three of the matrices 
have transitive automorphism groups, and only one matrix has a doubly transitive 
automorphism group. 
1. INTRODUCTION 
A Hadamard matrix of order n is an II x y1 matrix H of l’s and -I’s such 
that HHT = nl. In such a matrix n is necessarily 1, 2, or a multiple of 4. 
Two Hadamard matrices H, and H, are called equivalent if there exist 
monomial matrices P, Q of l’s and -1’s with PH, Q = H,. An 
automorphism of a Hadamard matrix H is an equivalence of the matrix to 
itself, i.e., a pair (P, Q) of monomial matrices such that PHQ = H. In other 
words, an automorphism of H is a permutation of its rows followed by 
multiplication of some rows by -1, which leads to reordering of its columns 
and multiplication of some columns by - 1. The set of all automorphisms 
form a group under composition called the automorphism group of H and 
denoted here by Aut N. For a detailed study of the basic constructions and 
applications of Hadamard matrices see e.g., Hall [6, Chap. 14]., and Hedayat 
and WalIis [7]. 
The equivalence classes of Hadamard matrices of orders not exceeding 20 
has been determined by Hall [4, 51. Recently, Ito et al., [8] completed the 
classification of the Hadamard matrices of order 24 up to equivalence. The 
next order which should be attacked is 28. In this article, we classify the 
Hadamard matrices of order 28 with automorphisms of the largest possible 
prime order. More precisely, we show that the greatest prime which can be 
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an order of automorphism of an order 28 Hadamard matrix is 13, and there 
are exactly four inequivalent matrices with this property. 
The material is organized as follows: In Section 2, we mention some 
restrictions on the possible orders of automorphisms of Hadamard matrices 
which follow from known results about automorphisms of symmetric block 
designs, and prove that the only odd primes which might divide the order of 
the automorphism group of a Hadamard matrix of order 28, are 13, 7, and 3. 
As usual, by a t - (0, k, 1) design we mean a family D of k-subsets (called 
blocks) of a set P of u points, such that any t-subset of P is contained in 
exactly L blocks of D. A 2-design is also known as a block design, and a 
block design is symmetric whenever the number of the points is equal to the 
number of the blocks, or equivalently if any two blocks have A common 
points. An automorphism of a design is a permutation of the points which 
also permutes the blocks. The set of automorphisms forms a group called the 
automorphism group Aut D of the design D. For the general theory of 
designs the reader is referred to Dembowski [3 ], Hall 161, and Ryser [ 121. 
In Section 3, we determine the 2-(13, 6, 5) and 2-(14, 7, 6) designs with 
automorphisms of order 13. These designs are used in Section 4 for the 
construction of all nonisomorphic 2-(27, 13, 6) and 3-(28, 14, 6) designs 
possessing automorphisms of order 13. In fact, there are seven 
nonisomorphic 2-(27, 13,6) designs with automorphisms of order 13, only 
one of them having a transitive automorphism group-this is the difference 
set design defined by the squares in GF(27). These seven 2-designs are exten- 
dable to four nonisomorphic 3-(28, 14, 6) designs which produce four 
Hadamard matrices of order 28 with automorphisms of order 13, described 
in Section 5. The inequivalence of these matrices is established by 
examination of the related designs. This examination also gives information 
for the lengths of the orbits of the automorphism groups on the columns of 
the matrices which enables us to compute the orders of the automorphism 
groups. Three of the matrices have automorphism groups transitive on 
columns, and only the group of the matrix obtained from the difference set 
design is doubly transitive. Each of the four matrices is equivalent to its 
transpose, hence, the same conclusion also holds for the action of the 
automorphism groups on the rows. 
2. AUTOMORPHISMS OF HADAMARD MATRICES 
There is a well-known connection between Hadamard matrices of order 
n = 4t + 4 and the symmetric 2-(4t + 3, 2t + 1, t) designs. If A is the (1,O) 
incidence matrix of a 2-(4t + 3, 2t + 1, t) design then after bordering A with 
a row and a column of l’s and replacing the zeros of A by -1’s we obtain a 
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Hadamard matrix of order n = 4t + 4. Conversely, if the ith row and jth 
column of a Hadamard matrix of order n = 42 + 4 consist of entirely of l’s, 
i.e., if the matrix is normalized with respect to ith row and jth column 
(which can be done by multiplying certain rows and columns by -l), then 
after deleting these rows and columns we get the (1, -1) incidence matrix of 
a 2-(4t + 3,2t + 1, t) design which we denote by D,. Every 2-(4t + 3, 
2t + 1, t) design D can be extended in exactly one (up to isomorphism) way 
to a 3-(4t + 4, 2t + 2, t) design by enlarging all blocks of D with a new point 
and adding the complements of the blocks of D as new blocks. Two 
2-(4t + 3, 2t + 1, t) designs, which are extendable to isomorphic 3 designs, 
give rise to equivalent Hadamard matrices, thus the number of inequivalent 
Hadamard matrices of order 4t + 4 does not exceed the number of 
nonisomorphic 3-(4t f 4, 2t + 2, t) designs. 
Suppose H is a Hadamard matrix of order n (n > 4) and p is an odd prime 
dividing ] Aut HI but not dividing IZ. Then there is an automorphism 
/3 G Aut H of order p which fixes some row (say ith) and some column (say, 
jth) of H, and consequently, /I induces an automorphism of the design Dii. 
Now we can apply a result of Aschbacher [ 1 ] stating that if D is a 
symmetric 2-(u, k, /2) design possessing an automorphism of prime order p, 
then either p divides v or p < k. Thus we have 
THEOREM 2.1. Let H be a Hadamard matrix of order n > 4 and p be an 
odd prime dividing the order of Aut H. Then one of the following holds: 
(i) p divides n; 
(ii) p divides y1 - 1: 
(iii) p < n/2 - 1. 
Moreover, ifp does not divide n, then it must be an order of automorphism of 
a symmetric 2-(n - 1, n/2 - 1, n/4 - 1) design. 
By Theorem 2.1, the prime divisors of the order of the automorphism 
group of a Hadamard matrix of order 28 are among 13, 11, 7, 5, 3, and 2. 
Indeed, every Hadamard matrix admits automorphisms of order 2, e.g., 
(-I, -1) which fixes all rows and columns, and commutes with all other 
automorphisms. We shall see, however, that 11 and 5 cannot be orders of 
automorphisms of an order 28 Hadamard matrix by showing that there are 
no 2-127, 13, 6) designs with such automorphisms. 
A nontrivial automorphism of a symmetric 2-(v, k, A) design fixes the 
same number of blocks as points [lo], and has at most u - 2(k -A) fixed 
points [3, p. 821, or in the case 2-(27, 13, 6) at most 13 fixed points. Thus if 
a 2-(27, 13,6) design admits an automorphism J3 of order 11, then /I must fix 
5 points and 5 blocks. A fixed block must consist of an orbit of 11 points 
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and two fixed points, so there will be two fixed blocks with at least 11, 
common points, a contradiction. 
Let us now assume that there is an automorphism p of order 5. A block 
fixed by p will contain at least 3 fixed points, hence /3 will fix 7 or 12 points. 
If p fixes 7 points and blocks, then each of the fixed blocks consists of 3 
fixed points and two orbits of points of length 5, hence some pair of fixed 
blocks will have at least 10 common points, a contradiction. If /3 fixes 12 
points, then there will be an orbit of 5 points occuring in at least four fixed 
blocks which is impossible. More generally, for t even and t > 2 a 2-(4t f 3. 
2t + 1, t) design has no (t - 1)-subset of points occurring in four blocks [2]. 
The orders 11 and 5 can be also eliminated by use of the results of Lander 
191. 
In what follows, we restrict our attention to Hadamard matrices of order 
28 having automorphisms of order 13. In view of Theorem 2.1, the deter- 
mination of all such matrices reduces to the determination of all symmetric 
2-(27, 13,6) designs with automorphisms of order 13. If D is such a design 
with an automorphism jl of order 13, then the points (resp. blocks) of D are 
divided under the action of /3 into three orbits, two of length 13 plus one 
fixed point (resp. block). The derived and residual designs of D with respect 
to the block fixed by p, are 2-(13, 6, 5) and 2-( 14, 7,6) designs which are 
invariant under /3. Therefore we can construct all 2-(27, 13, 6) designs with 
automorphisms of order 13 by an embedding of the cyclic 2-(13,6, 5) 
designs. 
3. THE 2-(13,6, 5) AND 2-(14, 7, 6) DESIGNS WITH 
AUTOMORPHISMS OF ORDER 13 
The cyclic group of order 13 divides the set of all 6-subsets of ( 1,2,..., 13} 
into 132 orbits. It is not difficult to check (especially by computer) that 
exactly 21 pairs of these orbits form 2-(13, 6, 5) designs. The representatives 
for the orbits yielding designs are given in Table I. 
Next we list the pairs of orbits forming a 2-( 13, 6, 5) design, 
1) 1, 17;. 2) 1, 18; 3) 238; 4) 2, 11; 5) 329; 
6) 3, 10; 7) 3, 16; 8) 438; 9) 4, 11; 10) 5, 17; 
11) 5, 18; 12) 6,9; 13) 6, 10; 14) 6, 16; 15) 7,14; 
16) 7, 15; 17) 9, 12; 18) 10, 12; 19) 12, 16; 20) 13, 14; 
21) 13,15. 
Let us note that design no. 10 coincides with design no. 56 from Hall’s table 
[61* 
These 21 designs are partitioned under the action of the group of affine 
transformations of GF(13) into the following four classes: (1, 2, 3, 4, 8, 9, 

















1, 2, 3, 4. 6, i0 
1, 2, 3, 4, 7, 10 
1, 2, 3, 4, 7, 11 
1, 2, 3, 4, 8, 11 
1, 2, 3, 4, 8, 12 
1, 2. 3, 5, 6, 9 
1, 2, 3, 5, 7, 8 
1, 2, 3, 5, 7. 10 
1, 2, 3, 5, 8. 10 
1, 2, 3, 7, 9. 12 
1, 2, 3, 7, 10, 12 
1, 2, 3, 8, 11, 12 
1, 2, 3, 9, 10, 12 
1, 2, 4. 6, 7. 10 
1, 2, 4, 6, 7, 1 I 
I, 2, 4, 6, 8; 9 
1. 2, 4, 7. 8, 12 
1, 2, 4, 8, 9, 12 
10, 11, 15, 16, 20, 21); (5,6, 14, 19); (12, 13, 17, 18); (7). Let ni be the 
number of blocks of a design having i common points with a fixed block. All 
blocks of a design from the first class have N, = 1 I, n3 = 13, n, = 1; all 
blocks of a design from the second or third class have n, = 12, n3 = 10, 
n4 = 3; and the blocks of the design no. 7 have n, = 1, n, = 6. n3 = 18. Now 
mi be the number of pairs of points of a design occurring together with a 
fixed point in exactly i blocks. A point in a cyclic 2-( 13, 6,5) design 
belonging to the first, second, third, or fourth class, has (m,, m, , m,, 
m3, m4> = (3, 18,33, 12, O), (0,24,30, 12,0), (0,21, 39, 3, 3). 
(0, 12, 54,0,0), respectively. Hence there are exactly four isomorphism 
classes of cyclic 2-(13,6,5) designs. We shall use the designs no.‘s 1, 5, 7, 
and 12 as representatives of these classes and will denote the 2-(13, 6, 5) 
design no. i by Ti. The automorphism groups of these designs are easily 
found by the aid of the table of primitive permutation groups of degree 13 
[ 131. The orders of the automorphism groups of the designs T, , T5, T,, T, z 
are 13, 39, 156, 39, respectively. 
It can be verified in a similar way that there are exactly 42 different 
2-(14, 7, 6) designs with point set { 1, 2,..., 13, 14) and an automorphism 
(1, x.., 13)(14). Such a 2-(14, 7, 6) design consists of two orbits of blocks, 
the first of them not involving the fixed point 14, and the second involving it. 
The representatives of the orbits involving the fixed point are just those from 
582a/35/1-4 
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TABLE II 
No. Representative 
1 1, 2, 3, 4, 5, 8. 10 
2 1, 2, 3, 4, 5, 9, 11 
3 1, 2, 3, 4, 6, 7, 10 
4 1, 2, 3, 4, 7, 9, 11 
5 1, 2, 3, 4, 8, 11, 12 
6 1, 2, 3, 5, 6, 7, 9 
1 1, 2, 3, 5, 6, 7, 12 
8 1, 2, 3, 5, 6, 8, 9 
9 1, 2, 3, 5, 6, 8, 10 
10 1, 2, 3, 5, 6, 9, 11 
11 1, 2, 3, 5, 6, 11, 12 
12 1, 2, 3, 5, 7, 8, 10 
13 1, 2, 3, 5, 8, 10, 11 
14 1, 2. 3, 6, 7, 9, 12 
15 1, 2, 3, 6, 8, 11, 12 
16 1, 2, 3, 7, 9, 10, 12 
17 1. 2, 3. 7, 9. 11, 12 
18 1, 2, 3, 8, 9, 11, 12 
Table I enlarged by the point 14. The representatives of the orbits not 
involving the fixed point are given in Table II. 
The pairs of orbits yielding 2-(14, 7,6) designs are as follows: 
1) 1,14; 2) 1,15; 
6) 3, 10; 7) 3, 16; 
11) 5,9; 12) 5, 10; 
16) 7, 17; 17) 7, 18; 
21) 9,4; 22) 10,7; 
26) 11, 16; 27) 12,3; 
31) 13,5; 32) 14, 1; 
36) 16, 3; 37) 16, 6; 
41) 18,8; 42) 18, 11. 
3) 2, 14; 4) 2, 15; 5) 339; 
8) 433; 9) 4,6; 10) 4, 12; 
13) 5, 16; 14) 6, 17; 15) 6, 18; 
IS) 8,s; 19) 8, 11; 20) 9,2; 
23) 10, 13; 24) 11,9; 25) 11, 10; 
28) 12,6; 29) 12, 12; 30) 13, 1; 
33) 14,5; 34) 15,7; 15, 13; 
38) 16, 12; 39) 17, 2; 40) 17,4; 
These 42 designs are partitioned under the affine group of GF( 13) acting on 
{ 1, L., 13) and fixing the point 14 into seven classes, (I) { 1, 4, 14, 17, 19, 
20, 23, 30, 33, 34, 40, 41); (II) {2, 3, 15, 16, 18, 21, 22, 31, 32, 35, 39, 42); 
(III) (5, 12, 29, 37); (IV) {6, 11, 28, 38}; (V) (7, 13, 27, 36); 
(VI) {9, 10,24, 25}; (VII) {S, 26). It is worth noting that the pairs of classes 
(I, II), (III, IV), (V. VI) are complementary, i.e., each design of the one class 
is the complement of some of the designs from the other class, and the class 
VII is self-complementary, i.e., design no. 8 is isomorphic to its complement 
no. 26. Later, we shall denote the ith 2-(14, 7, 6) design by Fi. 
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The designs F,,, F,, , F,4, F,, , F,, , F,, , F,, are essentially the same as 
designs (i)-(vii) listed in Preece’s table [ 111, and shown to be 
nonisomorphic. Hence we have seven nonisomorphic 2-( 14, 7,6) designs 
with an automorphism of order 13. 
4. THE 2-(27, 13, 6) AND 3-(28, 14,6) DESIGNS WITH 
AUTOMORPHISMS OF ORDER 13 
Let D be a symmetric 2-(27, 13, 6) design with a point set (1, 2,..., 27}, 
and an automorphism a of order 13. Without loss of generality, we can 
assume that a = (1,2,.., 13)(14, 15,..., 26)(27), and the blocks are labeled in 
such a way that the fixed block is first and consists of the points 1, 2,..., 13, 
and the fixed point 27 occurs in the last 13 blocks. Then D has incidence 





6 P Q 
0 0 . ..o I...1 
(1) 
where M, N, P, Q are circulant matrices, (M, N) is incidence matrix of a 
cyclic 2-( 13, 6, 5) design, and 
i 
P Q 
0 0 . . . I...1 1 
(2) 
is incidence matrix of a 2-(14, 7, 6) design with an automorphism of 
order 13. Let us note that (NT, Q’) is an incidence matrix of a cyclic 
2-( 13, 6, 5) design. For example, if (M, N) is the incidence matrix of the 
design T, , i.e., M and N are the incidence matrices of the orbits 1 and 17, 
then NT is an incidence matrix of the orbit 18 from Table I. This gives two 
possibilities for the orbit represented by QT: 1 or 5. Hence, the 2-(14, 7, 6) 
design with incidence matrix (2) must be some of the designs lrJO, F,, , F,,, 
F33. In fact, only the design F,, makes the job. This is easily checked by 
inspection. The rows of matrix P can be taken in a fixed order and then the 
rows of Q are permuted cyclically while matrix (1) produces a symmetric 
design. 
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Clearly, matrix (1) is an incidence matrix of a symmetric design iff 
J-P 
1 1 . . 9 
is an incidence matrix of such a design too. Thus after changing the places of 
M and N and replacing design F,, by its complement F,,, we obtain a 
second embedding of the design T, into a symmetric 2-(27, 13,6) design, and 
evidently these are all (up to isomorphism) embeddings of design T,. 
In the same manner, it can be seen that the 2-(13,6,5) design T, is 
embedded by the 2-(14,7,6) designs F,, and I;,,; T, by F, and F,,; and T,, 
by F,, and F,. In this way we obtain eight 2-(27, 13, 6) designs which we 
denote by D(1 & 33), D(1 & 15), D(5 & 27), D(5 & 25), D(7 & 8), 
D(7 & 26), D(12 & 29), D(12 & 6). Base blocks for these designs are listed 
in Table III. 
In order to establish how many of these designs are nonisomorphic we 
count (as in Section 3) the number mi of pairs of points occuring together 
with a given point in i blocks. Indeed, it is enough to do this only for the 
points 1, 14, and 27. The results are given in Table IV. 
It follows by these data that we may expect eventual isomorphisms 
between D(7 & 8) and D(7 & 26), and between D(12 & 29) and D(12 & 6). 
The permutation of the points (1, 2, 4, 8, 3, 6, 12, 11, 9, 5, 10, 7)(13)(14, 15, 
17, 21, 16, 19, 25, 24, 22, 18, 23, 20)(26)(27) maps the blocks of D(7 & 8) 
to the blocks of D(7 & 26). This isomorphism is found by taking into 
account the selfcomplementarity of F, . 
Suppose f is an isomorphism between D(12 & 29) and D(12 & 6). Then f 
has to map the set of points { 1, 2,..., 13 ) onto itself and to fix the point 27, 
therefore f must induce an isomorphism between F19 and F, which is 
impossible. Thus, the designs D(12 & 29) and D( 12 & 6) are nonisomorphic, 
and there are exactly seven nonisomorphic 2-(27, 13, 6) designs with 
automorphisms of order 13. 
As seen by Table IV, only the design D(5 & 25) can have transitive 
automorphism group. Therefore this design is isomorphic to the design 
obtained by the difference set of the quadratic residues in GF(27), i.e., the 
design no. 72 in Hall’s table [6]. In all other cases the automorphism group 
must fix the point 27 and the first block, hence it acts as a primitive 
permutation group on the sets { 1, 2 ,..., 13}, ( 14. 15 ,..., 26}. Generating 
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TABLE III 
Design Base blocks 
D(1 & 33) 
D(l& 15) 
D(5 & 27) 
D(5 & 25) 
D(7 & 8) 
D(7 & 26) 
D(12 & 29) 
D(12 & 6) 
B, = (1, 2,..., 13) 
B, = (1,2, 3,4,6, 10, 14. 15, 16, 19, 20, 22, 25) 
B,, = { 1, 2,4, 7, 8, 12, 15, 19, 21, 22. 23, 24.. 27/ 
B, = {I,2 ,...) 13/ 
B, = (1, 2, 4, 7, 83 12, 14, 16, 17, 18, 20, 25, 26) 
B,, = { 1, 2, 3,4, 6, 10, 17, 18, 21, 23. 24. 26,271 
B, = (1, 2,..., 13} 
Bz = (1, 2, 3, 4, 7, 11, 14, 15, 16, 18. 20, 21. 231 
B,, = (1, 2. 3, 5, 8, 10, 16, 20, 23, 24, 25.26, 27) 
B, = {1,2 ,.... 13) 
B,= {l, 2, 3, 5, 8, 10, 14, 15, 17, 18, 19, 21. 22) 
B,,=(l,2,3,4,7,11,17,19,22,24,25,26,27) 
B, = (1, 2,..., 13} 
B,= (1,2, 3,4, 7, 11, 14, 15. 16, 17,20,22,24/ 
B,, = { 1, 2,4, 6, 8, 9, 16,20, 23, 24. 25, 26. 27 / 
B, = {I,2 ,..,, 13) 
B,= {I, 2,4. 6, 8, 9, 14, 15, 17. 18,19,21, 22/ 
B,,=(l,2,3,4,7,11,18, 19,21.23,25,26,27) 
B,=(l,2 /..., 13) 
B2 = (1, 2, 3, 5, 6, 9, 14, 15, 16, 18,20, 21, 23} 
B,, = (1, 2. 3, 5,8, 10, 18, 21. 22, 24,255 26. 27/ 
B, = (1,2 ,..., 131 
B, = (1, 2, 3. 5, 8, 10, 14, 15, 16. 17, 19, 20. 23) 
B,, = (1, 2, 3, 5, 6, 9, 17, 19, 22, 24. 25, 26, 27) 
permutations and the orders of the automorphism groups are given in 
Table V. 
Let us note that designs D(5 & 25), D(5 & 27), and D(7 & 8) are self-dual, 
while D(1 & 15) and D(1 & 33), as D(12 & 6) and D(12 & 29), are dual to 
each other. 
Let us also remark that in the embedding of the cyclic 2-(13, 6, 5) designs 
we assumed that the produced symmetric 2-(27, 13, 6) designs must admit 
automorphisms of order 13, whence we looked for corresponding “residual” 
2-(14, 7, 6) designs with automorphisms of order 13. We checked by 
computer, however, that any cyclic 2-(13, 6, 5) design can be embedded in 
exactly two ways in a symmetric design-once by a 2-(14, 7, 6) design 
(say F), and secondly by the complement ofF. Therefore a symmetric 
2-(27, 13, 6) design has automorphisms of order 13 iff it contains a derived 
2-(13, 6, 5) design possessing automorphism of order 13. 
We can extend each of our 2-(27, 13, 6) designs to a 3-(28, 14,6) design 
by enlarging all blocks with a new point (say 28), and adding 27 new blocks 
being the complements of the blocks of the initial design. We denote the 
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TABLE IV 
Design Point (m,,m,,mz,m,,m,,m,) 
D(l & 33) 
D(l & 15) 
D(5 & 27) 
D(5 & 25) 
D(7 & 8) 
D(7 & 26) 
D(12 15.29) 























(0, 7, 134, 154,29, 1) 
(0, 8, 131, 157, 28, 1) 
(O,O, 143, 169,O. 13) 
(0, 9, 128, 160, 27, 1) 
(0, 6, 137, 151, 30. 1) 
(O,O, 143, 169,O. 13) 
(0, 12, 120, 166,27,0) 
(0, 12, 120, 166, 27,O) 
(O,O, 156, 130, 39,O) 
(O,O, 156, 130, 39.0) 
(O,O, 156, 130. 39,O) 
(O,O, 156, 130. 39,O) 
(1, 18, 96, 192. 18,O) 
(1, 18, 96. 192, 18,O) 
(13,O. 78, 234,0, 0) 
(1, 18, 96, 192, l&O) 
(1, 18, 96, 192, 18.0) 
(13,0, 78, 234,0,0) 
(0, 6, 135, 157, 24, 3) 
(0, 6, 138. 148, 33, 0) 
(O,O, 156, 130, 39,O) 
(0, 6, 135, 157, 24, 3) 
(0, 6, 138, 148, 33,O) 
(0, 0, 156, 130, 39,0) 
TABLE V 
Design Generators of Aut D IAut D1 
D(l & 33) 
D(1 & 15) 
D(5 & 27) 
a = (1, 2 ,..., 13)(14, 15 ,..., 26)(27) 




D(5 & 25) 
D(7 & 8) 
D(lZ& 29) 
D(12 & 6) 
(9)(14, 15, 18)(16, 21, 23)(17,24. 19)(20) 
(22, 26: 25)(27) 
a, b, c = (1, 2, 5)(3, 15. 9)(4, 14, 20)(6, 21, 23) 
(7, 18, 27)(8, 22, 13)(10. 17, 12)(11, 19, 24) 
(16,26,25) 
a,d=(l,4,3,12,9,10)(2,8,6,11.5,7)(13) 
(14, 17, 16,25, 22,23)(15, 21, 19. 24. 18, 20) 
(26X27) 
a, e = (1, 3, 9)(2, 6, 5)(4, 12, 10)(7, 8, 11) 
(13)(14. 15, 18)(16,21, 23)(17, 24, 19) 
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extension of D(i & j) by E(i & j). Every 2-(4t + 3, 2t + 1, t) design is exten- 
dable in exactly one way (up to isomorphism) to a 3-(4t + 4,2t + 2, t) 
design [3, p. 1131. Hence two 3-(4t + 4, 2t + 2, t) designs are isomorphic iff 
some of the derived 2-(4t + 3, 2t + 1, t) designs of the first design is 
isomorphic to some of the derived designs of the second design. Moreover, 
the stabilizer of a point in the automorphism group of a 3-(4r + 4, 2t + 2, t) 
design E coincides with the automorphism group of the derived 2-(4t + 3, 
2t + 1, t) design with respect to this point, and two points of E are in the 
same orbit under its automorphism group iff the derived designs with respect 
to these points are isomorphic. 
Let us begin with the extension of D(1 & 33). The points of this 3-design 
are divided by its automorphism group in at most four orbits, {l,..., 13}, 
(14 ,..., 26}, {27}, {28}, i.e., there are at most four nonisomorphic 
2-(27, 13, 6) designs among the derived designs of E(l & 33). The derived 
design with respect to the point 27 is obviously a 2-(27, 13, 6) design with an 
automorphism of order 13, and as easily verified it is isomorphic to 
D( 1 & 15), whence E(1 & 15) is isomorphic to E(l & 33). The points of the 
derived design with respect to the point 1 have the following characteristics 
( m,, m,,..., mJ: 
(0,6, 137, 151, 30, 1) 
(0, 7, 134, 154, 29, 1) 
(0, 8, 129, 163, 22, 3) 
(0, 10, 124, 166, 23, 2) 
(1, 9, 123, 165, 27,O) 
(1, 11, 117, 171, 25,O) 
(2, 8, 117, 179, 16, 3) 
(0, 8, 131, 157,28, 1) 
(0, 9, 128, 160, 27, 1) 
(0, 10, 126, 160, 29,O) 
(0, 11, 122, 166, 25, 1) 
(1, 11, 116, 174, 22, 1) 
(0, 10, 125, 163, 26, 1) 
(0, 12, 120, 166,27,0) 
















The corresponding data for the derived design with respect to the point 14 
are 
(0, 8, 129, 163, 22, 3) (1 point); 
(0, 8, 131, 157, 28, 1) (1 point); 
(0, 10, 124, 166, 23, 2) (1 point); 
(1, 9, 123, 165, 27,O) (1 point); 
(1, 11, 117, 171, 25,0) (1 point); 
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(2, 8, 117, 179, 16, 3) 
(0,6, 137, 151, 30, 1) 
(0, 11, 122, 166, 25, 1) 
(1, 7, 128, 162, 26, 1) 
(0, 9, 128, 160,27, 1) 
(0, 10, 125, 163,26, 1) 
(0, 12, 120, 166,27,0) 









This shows that the points 27 and 28 of E(l & 33) are fixed by 
Aut E(1 & 33) whence /Am E(1 & 33)( = 13, and a derived 2-(27, 13,6) 
design with respect to a point different from 27 and 28 has a trivial 
automorphism group. 
By the transitivity ‘of D(5 & 25) all derived designs of E(5 & 25) with 
respect to points different from 28 are isomorphic, Evidently the derived 
design with respect to point 27 is isomorphic to D(5 & 27), hence E(5 & 27) 
and E(5 & 25) are isomorphic, and the automorphism group of E(5 & 25) 
coincides with the automorphism group of D(5 & 25). 
The design E(7 & 8) is more interesting. Here the derived design with 
respect to point 27 is D(7 & 26) and therefore is isomorphic to D(7 & 8). All 
derived designs with respect to points from 1 to 26 have the same set of 
characteristics (m,,..., VQ), 
(l,O, 138, 174,0, 12) (1 point); 
(1, 18, 96, 192, 18,0) (2 points); 
(0,9, 128, 160, 27, 1) (24 points). 
Hence the order of the automorphism group of E(7 & 8) is 2’ . 3 . 13. The 
derived designs with respect to points from 1 to 26 possess automorphisms 
of order 2 and 3. In fact, it can be shown that all these designs are 
isomorphic, hence, { 1, 2 ,..., 26) is an orbit of Aut E(7 & 8). 
Finally, the derived design of E( 12 & 29) with respect to point 27 is 
D( 12 & 6), when E( 12 & 6) and E(12 & 29) are isomorphic. The charac- 
teristics of the points of the derived design with respect to point 1 are 
(0,6, 135, 157,24,3) (1 point); 
(0, 6, 138, 148, 33,O) (1 point); 
(1,9, 121, 171,21,2) (3 points); 
(0, 10, 126, 160, 29,O) (3 points); 
(0, 10, 123, 169, 20, 3) (9 points); 
(0, 12, 120, 166, 27,O) (10 points); 
and the corresponding characteristics of the derived design with respect to 
point 14 are 
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(0, 6, 135, 157, 24, 3) 
(0,6, 138, 148,33,0) 
(0, 10, 123, 169,20, 3) 
(0, 10, 126, 160,29,0) 
(1,9, 121, 171,21,2) 
(0, 12, 120, 166, 27,O) 
(0, 14, 114, 172,250) 









Thus the automorphism group of E(12 & 29) is that of D(12 & 29). In this 
way we see that there are exactly four nonisomorphic 3-(28, 14, 6) designs 
with automorphisms of order 13. 
5. THE MATRICES 
Let A be the (1, -1) incidence matrix of a 2-(27, 13, 6) design with an 
automorphism of order 13. Then 
H= 
is a Hadamard matrix of order 28 with an automorphism of order 13. The 
matrix obtained from D(i & j) will be denoted by H(i & j). Two matrices 
obtained from symmetric designs, which are extendable to isomorphic 3- 
designs, are equivalent. More precisely, given a Hadamard matrix H = (h,) 
of order n = 4t + 4 and given k (1 < k < iz), we obtain a 3-(41 + 4, 2t + 2, t) 
design E, = E&(H) with point set P = { 1, 2 ,..., n) and block set (B, ,..., B,-, , 
B k+l,...,B,,, Bw.,Bk-,, &+,,...,~,J, where B,i = {i: hii = hik} and gj = 
P - Bj. The designs E,(H) and E,(H) are isomorphic iff columns k and m 
of H lie in the same orbit of Aut H; more generally, EJH,) and E,(H,) are 
isomorphic iff H, and H, are equivalent under a signed permutation mapping 
the column k of H, to column m of H,. Moreover, the automorphism group 
of E,(H) acting on points is permutation isomorphic to the stabilizer in 
Aut H of column k, acting on signed rows (81. 
In order to distinguish the matrices H(l & IS), H(5 & 25), H(7 & S), 
H(12 & 29), and to get information about their automorphism groups, we 
shall study isomorphisms between the 3-(28, 14, 6) designs obtained with 
respect to different columns of these matrices. 
The automorphism group of D(1 & 15) divides its blocks into three orbits 
and consequently Aut H(1 & 15) will divide the columns of H( 1 & 15) into, 
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at most, four orbits. Hence, it is sufficient to consider the 3-designs E, = 
E,(H(l & 15)) for k= 1, 2, 3, 16. Clearly, E, is E(l & 15), and E, is 
E(l & 33), which, as we have seen, are isomorphic. The derived 2-(27, 13, 6) 
design with respect to the first point of E, contains a point with 
Cm 0 ,**.> m,) = (0, 8, 127, 169, 16, 5). Likewise the derived design with respect 
to the first point of E,, has a point with (m, ,..., mS) = (1, 5, 131, 165, 19, 4). 
Therefore, E, and E,, do not admit automorphisms of order 13 (cf. 
Table IV), whence the length of the orbit of the first column of H( 1 & 15) is 
2, and /Aut H(l & 15)1= 2’. 13. 
The design D(5 & 25) has a transitive automorphism group, hence, the 
stabilizer of the first column of H(5 & 25) in Aut H(5 & 25) is transitive on 
the set of the remaining columns. As is readily seen, E,(H(5 & 25)) is 
isomorphic to E(5 & 27) and subsequently to E, = E(5 & 25). Therefore, 
Aut H(5 & 25) is transitive, and hence, doubly transitive on columns, and 
/AutH(5&25)j=2.28+IAutE(5&25)/=23.34.713. 
Now let H = H(7 & 8). The design E,(H) is isomorphic to E(7 & 26) and 
consequently to E,(H) = E(7 & 8). The derived 2-(27, 13, 6) designs of E, 
and E,, have the same point characteristics as those of E(7 & 8). In 
particular, the derived design with respect to the 9th point of E, and the 
derived design with respect to the 5th point of E,, have the same charac- 
teristics as D(7 & 8). It can be shown that the derived 2-(13, 6, 5) designs of 
the duals of these designs obtained with respect to the points with 
Cm 0 ,***, mS) = (13,0, 78,234,0,0) are isomorphic to T,, whence E, and E,, 
are isomorphic to E(7 & 8). Therefore Aut H is transitive on columns, and 
IAut H(7 & 8)l = 25 . 3 . 7 . 13. 
Finally, matrix H( 12 & 29) also has a transitive automorphism group. 
Here E, is isomorphic to E( 12 & 6) and hence to E, = E( 12 & 29). The 
derived 2-(27, 13, 6) designs with respect to the 13th point of E,, as the 
derived 2-(27, 13, 6) design with respect to the 7th point of E,, have the 
same characteristics as D( 12 & 29) and contain derived 2-( 13,6, 5) designs 
isomorphic to T,, , which implies the isomorphism between E,, Elh, and 
E( 12 & 29). Thus we have / Aut H( 12 & 29)1= 2” - 3 . 7 . 13. 
REFERENCES 
1. M. ASCHBACHER, On collineation groups of symmetric block designs, /. Combin. Theory 
Ser. A 11 (1971), 272-281. 
2. V. N. BHAT, Nonisomorphic solutions of some balanced incomplete block designs, III. J. 
Combin. Theory Ser. A 12 (1972), 225-252. 
3. P. DEMBOWSKI, “Finite Geometries,” Springer-Verlag. Berlin/Heidelberg/New York, 
1968. 
4. M. HALL, JR., “Hadamard Matrices of Order 16,” Jet Propultion Laboratory Research 
Summary No. 36-10, 1 (1961), 21-26. 
HADAMARD MATRICES OF ORDER 28 57 
5. M. HALL, JR., “Hadamard matrices of order 20,” Jet Propultion Laboratory Technical 
Report No. 32-761, 1965. 
6. M. HALL, JR., “Combinatorial Theory,” Ginn (Blaisdell), Boston, 1967. 
7. A. HEDAYAT AND W. D. WALLIS, Hadamard matrices and their applications, Ann. 
Sfarist. 6 (1978), 1184-1238. 
8. N. Ii-o, J. S. LEON, AND J. Q. LONGYEAR, Classification of 3-124, 12,5) designs and 24. 
dimensional Hadamard matrices, J. Combin. Theory Ser. A 31 (198 l), 66-93. 
9. E. S. LANDER, Symmetric designs and self-dual codes, J. London Math. Sot. (2) 24 
(1981), 193-204. 
10. E. T. PARKER, On collineations of symmetric designs, Proc. Amer. Murh. Sot. 8 (1957) 
350-351. 
11. D. A. PREECE, Incomplete block designs with v  = 2k, Sankhyri. Ser. A 29 (1967) 
305-3 16. 
12. H. J. RYSER, “Combinatorial Mathematics,” Carus Math. Monograph No. 14, 
Mathematical Association of America, Wiley, New York, 1963. 
13. C. C. SIMS, Computational methods in the study of permutation groups, in 
“Computational Problems in Abstract Algebra” (J. Leech, Ed.), pp. 169-184, Pergamon, 
Elmsford, N.Y., 1970. 
